Due to the advantage of tunability via size, shape, doping and relatively low level of loss and high extent of spatial confinement, graphene quantum dots (GQDs) are emerging as an effective way to control light by molecular engineering. The collective excitation in GQDs shows both high energy plasmon frequency along with frequencies in the terahertz (THz) region making these systems powerful materials for photonic technologies. Here, we report a systematic study of the linear and nonlinear optical properties of large varieties of GQDs ( ∼ 400 systems) in size and topology utilizing the strengths of both semiempirical and first-principles methods. Our detailed study shows how the spectral shift and trends in the optical nonlinearity of GQDs depends on their structure, size and shape. Among the circular, triangular, stripe, and random shaped GQDs, we find that GQDs with inequivalent sublattice atoms always possess lower HOMO-LUMO gap, broadband absorption and high nonlinear optical coefficients. Also, we find that for majority of the GQDs with interesting linear and nonlinear optical properties have zigzag edges, although reverse is not always true. We strongly believe that our findings can act as guidelines to design GQDs in optical parametric oscillators, higher harmonic generators and optical modulators.
Introduction
Materials with broadband absorption (BBA) and emission, that is, covering ultraviolet, visible, and near-infrared regions of the solar spectrum, have important applications in photodetectors, broadband modulators, bioimaging, solar cells and so forth. [1] [2] [3] [4] [5] [6] Moreover, if the materials with the broadband absorption also shows optical nonlinearity they can be very useful in applications involving optical parametric oscillation, high harmonic generation, 7, 8 Kerr effect 9,10 and multiphoton imaging.
11 Thus, finding novel materials with both broadband absorption and optical nonlinear activity is of great interest.
Group IV-VI quantum dots like CdSe, PbSe, CdS, HgTe, ZnSe, etc. have already been there in variety of applications involving light emitting diodes, bio-imaging, solar cells, and so forth, because of their tunable absorption and specific optical nonlinear activity. [12] [13] [14] [15] [16] [17] Materials prepared from high band gap semiconductors like ZnS, ZnSe, GaN, and AlN possess ultraviolet optical activity whereas CdS, rare earth doped GaN materials exhibit near IR activities.
18,19
Although, tuning the size of a quantum dot can vary its active optical range, it cannot give the whole range altogether (i.e. simultaneously UV-VIS and IR range activity). To this end, GQDs and modified GQDs seems to be promising materials for such optical activities. 20, 21 Together with their higher photostability, bio-compatibility and low cost preparation, GQDs may act as a substitute for the toxic IV-VI group quantum dots.
GQDs are the confined graphene materials available in various topologies [21] [22] [23] and graphene is a layered sp 2 -bonded carbon material in honeycomb lattice. Graphene with its zero band gap has a limitation to its applications in optoelectronics due to its zero optical emission. On the other hand, GQDs exhibit a broadband absorption and they have emerged as attractive fluorescence materials in the ultraviolet, visible and even in infrared regions. 20, 21, 24 During recent years, there has been a lot of research on the broadband activity of GQDs of different sizes, shapes and functionalities through both experiment and theory. [25] [26] [27] [28] Also, there is a progress in identifying the shape and size dependent nonlinear activity of GQDs.
29-32
Considering these studies into account, here, we have performed a systematic computational study on the linear and nonlinear optical (NLO) properties of hydrogen passivated GQDs (hence, may also be termed as polyaromatic hydrocarbons (PAHs)) of various sizes, shapes, edge structures and so forth. After careful analysis on these GQDs (∼ 20) with simultaneous BBA and high NLO coefficients, we find that the necessary and sufficient condition for possessing such multifunctionality is the presence of inequivalent sublattice atoms. Also, we find that majority of the GQDs with only zigzag edges possess this multifunctionality. Additionally, we find that some of these GQDs show fascinating 1st hyperpolarizabilities (∼ 10 3 -10 5 times larger than the traditional NLO compounds [like p-nitroaniline etc]). In the following, first we have described how we have modeled our systems and then we have given the details of our computations. Next, we have compared the results from our semiempirical calculations on structural stability and electronic properties with the earlier studies and then we have presented our results on linear and nonlinear optical properties. Finally, we have presented the results from first principles calculations on the systems, followed by the conclusions and possible extensions to the present work. 
Modeling and Computational Details
As the number of varieties of GQDs which can be generated from graphene are huge, following Kuc et. al. 23 we have considered ∼ 400 structures, based on their size, shape, edge etc. As the hydrogen passivated GQDs have been shown to be more stable than the GQDs with bare edges, we have only considered the former ones throughout our study. As in ref, 23 we have categorized our GQDs as circular (F) or triangular (T) or stripes (i.e. nanoribbons) (S) depending on their shape and zigzag (z) or armchair (a) depending on their edges. Thus, F a (T z ) represents circular (triangular) GQDs with armchair (zigzag) edges. All other GQDs which don't fit in these categories mainly represent the different possible conformers of a GQD with particular number of carbon atoms and we refer them as random shaped GQDs. We identify these random shaped GQDs with their carbon atom numbers such as C22, C28, C74 etc. In Figure 1 we have shown typical examples of random shaped GQDs.
All the structural optimizations have been performed using self-consistent charge (SCC) density functional tight-binding (DFTB) theory 33 within third order expansion of the energy (DFTB3) 34 and with 3ob parameter set, 35 as implemented in DFTB+ package.
36 DFTB level of theory is used mainly due to the large number of systems (∼ 400) considered in this study as well as its ability to give trends in band-gaps, energies etc. which are comparable to the ones given by DFT, especially for carbon related materials, even with different edges, defects and so forth. 37, 38 Geometry optimizations have been performed using conjugate gradient method and systems are considered to be optimized only when forces on all the atoms are less than 0.0001 Ha/Bohr. As the systems are zero-dimensional, we have performed the Γ-point calculations. For those systems whose energy levels near the Fermi-level are almost degenerate, we have increased the electronic temperature to 100 K to avoid any convergence issues.
Linear optical properties of all the compounds have been computed at the semi-empirical ZINDO/S level of theory as implemented in g09 software package.
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ZINDO/S has been proved to be very successful especially in predicting the optical properties of systems containing C, N, O, H atoms like polyaromatic hydrocarbon compounds, 40,41 chlorophylls 42 etc. 43 At semi-empirical level, nonlinear optical (NLO) properties of all compounds have been calculated using MOPAC 2012 program package. 44, 45 All the first principles calculations for the linear (at time dependent density functional theory (TDDFT) level) and nonlinear optical properties have been performed using g09. Long range corrected (CAM-B3LYP) exchange correlation functional has been used in conjunction with 6-31+g (d) basis set for all the calculations. A minimum of first 12 lowest excited states have been considered in all the studies. GaussSum-2.2.6.1
46 is used to plot the absorption spectra and a broadening of 0.333 eV has been used. To ensure the reliability of our calculations, we have compared our semi-empirical and first principles results on the linear and nonlinear optical properties of p-nitroaniline with its reported experimental values. We find that both the results are in close agreement (see Table S1 of supporting information (SI)).
Results and Discussion

Energetic Stability and Electronic Properties:
All the GQDs considered in this study are found to be thermodynamically stable, that is, they have negative formation energy, E F orm = E tot -N H *E H -N C *E C , where E tot , E H and E C are the total energy of the system, energy of the hydrogen atom in a H 2 molecule (i.e. E H2 /2) and energy of the carbon atom in a graphene lattice (i.e. E Graph /N C ), respectively. Here, N C and N H are the number of carbon and hydrogen atoms in the system. At DFTB3 level of theory, we find E H and E C to be -9.123 and -44.291 eV, respectively. A plot of formation energy per atom vs N H /(N H +N C ) of all the systems is given in Fig. 2a . Clearly, there is a near linear relationship between the formation energy per atom and the number of edge atoms in all the systems (notice the linear fit in Fig. 2a) , that is, system with lesser number of edge atoms is easier to form and vice-versa, as expected. 20, 47, 48 Similar results have been observed in some of the earlier studies on GQDs and PAHs 23, 49 In agreement with these previous studies, we also find that among the different GQD shapes studied here, circular GQDs are the most stable ones and ribbon like GQDs are the least stable. All other GQDs' (triangular, random etc.) stability fall in between these two types of GQDs [see Fig. 2a ]. The reason for such a trend is again due to the less number of edge atoms in circular GQDs than in other GQDs considered in this study, as evident from the x-axis of Fig. 2a . Recent molecular dynamics simulations have also shown that among the different GQDs, circular and triangular GQDs with zigzag edges as the most stable ones till ∼ 4000 K.
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Next, the energies of HOMO, LUMO and their difference (i.e. HOMO-LUMO gap (HLG)) of all the GQDs are plotted in Fig. 2b as a function of number of carbon atoms. The calculated HLG values are mainly in the range of ∼ 0-3 eV. Also, from Fig. 2b and 2c , it can be observed that for a particular N C , one can tune the HLG from ∼ 0-3 eV depending on the shape and edges of the GQD. Also it should be noted that such tuning is possible even for the systems with N C between 20 to 50. In fact, synthesis of GQDs (actually, PAHs) of different sizes have already been carried out. 21 From Fig. 2c , it can be noticed that HLG of the systems with zigzag edges converge rapidly to zero (reaching the semi-metallicity of graphene) than the armchair ones, irrespective of the shapes and the calculated trend of convergence is
As HLG reflects the kinetic stability of a system, the above trends suggest that kinetic stability will be highest for S a -GQDs and least for T z -GQDs and S z -GQDs. As suggested by the Clars rule, 21 higher kinetic stability of S a -GQDs, compared to the other structures is due to the presence of larger number resonant sextets in these structures. Similar reasons are also known for the lesser stability of zigzag edged structures compared to the armchair ones. 23 One may also notice that the HLG of "S z and T z ", "T a and F a "-GQDs follows similar trend as N C increases (for N C > 60) as has also been observed in some of the recent studies. 22 Finally, as the HLG of these GQDs are tunable over a wide range and as HLG can be used as a rough estimate for the optical gap, 40 one may immediately expect that the optical properties of these GQDs can also be tuned over a wide range and the results of the respective calculations are given below.
Optical Properties:
First, we present the optical absorption of all the systems calculated at the ZINDO/S level of theory. Here, we have analyzed only the 20 low energy singlet excitations from the ZINDO/S results. Absorption spectra of PAHs mainly consists of 3 bands, namely, alpha (α), beta (β) and para (p), out of which the most intense ones being β and p-bands (notations are according to Clar's rule, 21 where p(β)-bands corresponds to the bands at higher (lower) wavelengths). Interestingly, in a very recent study 40 it has been concluded that ZINDO/S is good at predicting the most intense p and β bands of all C 32 H 16 benzenoid PAHs. Considering these facts, first we have plotted the histograms of "wavelengths corresponding to the most intense p-bands (p max ) and β-bands (β max )", respectively, in Figs. 3a and 3b and the corresponding oscillator strengths (OS) histograms in Figs. S1a and S1b. From these figures it can be noticed that, majority of the systems have their β max and p max in the UV-VIS region (200-760 nm) and the oscillator strength of β max (p max ) is almost always (for majority of structures) > 0.5 (0.1). Thus, majority of GQDs considered in this study absorb strongly in the UV-VIS region (in particular, their β max (p max ) is located in the region between 250-450 (300-700) nm).
However, interestingly, we find ∼ 70 GQDs whose p max is in IR-region (> 760 nm). Materials absorbing in IR region are of great interest in the preparation of solar cells because half of the solar energy received by earth is in IR radiation range and most of the present day solar cells do not utilize this energy region.
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Thus, knowing the reason for the IR-activity of these GQDs will be of great use and for this we have analyzed their p max transition. In Table S1 , we have given the calculated wavelength, OS and the major contributions of the molecular orbitals corresponding to the p max transition for all the IR-active GQDs. Clearly, p max transition always has the major contributions from excitations involving the frontier orbitals (that is, HOMO-1, HOMO, LUMO and LUMO+1), especially from HOMO and LUMO. Thus, the changes in these frontier MOs lead to changes in the p max transition. Also, some of the earlier studies on PAHs have found that HLG of these systems is almost equal to the energy corresponding to the p max transition (see Ref 40 and references there in). For a few of these GQDs, we find HLG to be very small. In general, small HLGs occur either due to extended delocalization (as in conjugated carbon chains) or if there exists lesser number of resonant sextets (according to Clar's rule 21, 23, 40 ). In our case, however, the very small HLGs are seen due to completely different reasons. If we look at the structures of these GQDs closely, we find that, they don't have same number of sublattice atoms (i.e. N A -N B = 0). In fact, in all the random shaped GQDs, we find there exists two additional sublattice atoms of one type (i.e. | N A -N B | = 2). p z orbitals of these additional atoms remains as non-bonding orbitals and appear at the zero of energy (i.e. at the Fermi-level) in the energy level diagram. If there were no interactions (as in tight-binding calculations), both of these levels would be degenerate and would appear exactly at the zero of energy. (similar to what has been observed in triangular GQDs 50 ). However, because of interaction terms in ZINDO/S Hamiltonian, we find the two levels to appear above and below the zero of energy with a very low energy gap (few meV). Interestingly, these two levels have opposite parity, due to which the transition dipole moment between the two become non-zero. Thus, these two levels give rise to optical transition with a finite oscillator strength (OS). Since, the energy gap between these two levels is too small, the optical absorption appears in IR-region.
As an example, in Figs. 4a-4d we have given four structural isomers (here after, addressed as 4a, 4b, 4c and 4d, respectively) of C 32 H 18 , where only 4b and 4d have the sublattice imbalance. As explained, only for 4b and 4d, we find p max in IR-region (> 2000 nm) but not for 4a and 4c. In Fig. 4 , we have also given the conjugation and isosurface plots of HOMO for these GQDs. As can be seen, because of sublattice imbalance, the conjugation in 4b and 4d GQDs is not continuous and there are "conjugation breaks", which are clear demonstration of solitonic structure (conjugated system), domain walls (seen in ferromagnetic metal blocks). The main point is that, these defect states are intrinsic in these GQDs and these have not been externally induced.
IR-activity of GQDs which absorb below 2500 nm is mainly due to the zigzag edge nature of these GQDs, which lowers their HLG. For example, it is well known that the polyacenes have the lowest HLG among the various PAHs 21 and p max of hexacene (6 fused benzne rings) itself is 750 nm. Also, through TDDFT calculations, previously our group has shown that p max of rectangular GQDs is ∼ 1900 nm. 20 Inspecting the structures of GQDs which absorb in the region of 760-2500 nm, we find that all these GQDs have either polyacene type structure or rectangular type structure, with some of their edges being substituted with ethene, propene, cis-1,3-dibutene etc. (see Fig. S3 ) Also, it is important to mention that HOMO of all the IR-active structures is different from that of the non-IR-active structures.
Frontier MOs of IR-active GQDs have larger number of nodes, and hence, look like the collection of p z orbitals on individual carbon atoms without overlap (for example, see Figs. 4f and 4h) . The reverse is true for the non-IR-active GQDs (see Figs. (4e, 4g) ). Presence of large number of nodes destabilizes HOMO compared to its structural isomers with less number of nodes, and hence, lesser HLG and IR-activity. As an example of the above mentioned observations, we have given absorption spectra and isosurfaces of HOMO of C32 and C74 GQDs in Figs. S2-S4 . Finally, as the OS of p max peak for majority of these GQDs is > 0.5 and as OS of β max peak is almost always found to > 0.5, we find that these GQDs can have broad band absorption (BBA), as predicted earlier for the rectangular GQDs. 20 BBA of these GQDs can also be seen in Figs. S2 and S4 . To conclude all the above results, we find that GQDs with inequivalent sublattice atoms or GQDs with rectangular or stripe shapes can absorb in IR-region and they may be suitable candidates for BBA.
To put the results obtained from the ZINDO/S method in a solid footing, we have performed TDDFT calculations at CAMB3LYP/6-31+g(d) level of theory on a few GQDs. First, we will present our results on GQDs of various shapes. In Figs. 5a-5f, we have given the absorption spectra of S a , S z , F a , F z , T a and T z , respectively, calculated at both ZINDO/S and TDDFT levels of theory along with the iso-surfaces of their HOMO (only from TDDFT). Clearly, absorption profiles of both the methods compares farily well, although OS values predicted by ZINDO/S are higher than that of TDDFT. Also, λ max predicted by ZINDO/S is consistently red-shifted compared to the TDDFT predicted values. Consistent with the previous arguments on the isosurface of HOMO (calculated using ZINDO/S), even with TDDFT we find larger number of nodes (see Fig.  5f ) in the HOMO if the GQD has IR-activity and it has more overlapping character if the GQD is not IR-active (see Fig. 5a-5e ). Also, we find that the character of the p max excitation (i.e. MOs involved in the excitation) are similar in both the methods. Importantly, we find that GQDs whose HOMO is mainly localized on the edge atoms (as in S z and T z ) and whose p max excitation has major contribution from HOMO to LUMO, are IR-active. From Fig. 5 , one may also infer that the presence of zigzag edges is only a necessary, but not a sufficient condition (example being the F z GQDs) for the IR-absorption. Finally, to see the effect of inequivalent sublattice atoms on the IR-activity, we have considered five C28-GQDs with N A -N B = 2, and we find all of them to be IR active, again consistent with the ZINDO/S results (see Table S2 ). Thus, we find that, results of ZINDO/S and TDDFT are consistent and compare well for the GQDs considered in this study.
Nonlinear Optical Properties:
In this subsection, we present the linear polarizability (α) and first hyperpolarizability (β) of all the GQDs calculated using the finite field approach as implemented in the MOPAC and g09 packages. Expressions for the dipole moment and the energy of a molecule interacting with an external electric field are given by Eqns. 1 and 2. where, µ 0 is the permanent dipole moment, α ij , β ijk and γ ijkl are the linear polarizability, 1 st and 2 nd hyperpolarizability tensor elements, respectively. Also, for a molecule, the avergae values of above quantities (µ av etc.) are defined as
where,
In Figs. 6a and 6b, we have plotted the distribution of average α and β values for all the GQDs at static field. Similar to absorption profiles, majority of the GQDs' α and β values are confined to a small region. For these majority GQDs, we find that the α and β values are in the range of 250−700 a.u. (∼ 40−100Å
3 ) and 1−200 a.u. (10 −32 −10 −30 esu), respectively. Compared to the α and β values of para-nitroaniline (16.346 a.u. and 978.21 a.u., respectively), it is nice to notice that majority of the GQDs already have high polarizability and reasonable hyperpolarizabilities. Importantly, we find that several GQDs possess α and β values which are orders of magnitude greater than that of para-nitroaniline (see Fig 6a and inset of Fig 6b) .
In general, both linear polarizability and first order hyperpolarizabilities have an inverse relationship with the energy gap between the states involved in the polarization, and are directly proportional to the transition moment. Thus, we can expect an increase in α and β if the ground and excited states are closely spaced or the transition moment between the states is high or both. From the above reasoning, one can also infer that GQDs with low HLG and whose 1 st excited state has major contribution from HOMO to LUMO transition should give higher α and β values. Indeed, we find that all the GQDs which are IR-active also have high α and β (except the GQDs with inversion symmetry) values, that is, above the range of 250−700 a.u. and 1−200 a.u., respectively. Also, we find that some of the GQDs with zigzag edges, like F z , which are not IR-active but have very high oscillator strength for the p max (see Fig. 5d ) excitation also show higher α values. However, to the presence of inversion symmetry, such GQDs do not have higher β values. Finally, we again find that trends in our results from semiempirical calculations compares farily well with that of first-principle calculations (see Table S4 ). Based on all the above results, we conjecture that GQDs with very low HLGs can have both broad band absorption and nonlinear optical activity, and hence, are potential candidates for optoelectronic devices.
Conclusions
We have performed a systematic study on the GQDs of various sizes, shapes and edges to explore their linear and nonlinear optical properties. First, we find the formation energies of GQDs have a near linear dependence on their number of edge atoms and HOMO-LUMO gaps of a GQD with a particular number of carbon atoms can be tuned from ∼ 0-3 eV depending on its shape and edge nature. Trends in the HLG can be understood based on the Clar's rule of aromatic sextets for majority of the sytems. Extremely low HLGs of certain GQDs is due to the presence of unequal number of sublattice atoms in these GQDs, that is, N A -N B = 0. Tunability of HLG has also been reflected in the tunability of the absorption profiles in these GQDs. We find that majority of the GQDs absorb strongly in the UV-VIS region with their β max (p max ) being located in the region between 250-450 (300-700) nm) and their α and β values are in the range of 250−700 a.u. and 1−200 a.u., respectively. However, ∼ 70 GQDs have their p max in IR-region and have higher α (> 700 a.u.) and β (> 200 a.u.) values. A common feature which we find in all these IR-active GQDs is the existence of larger number of nodes in the isosurface of HOMO which leads to an increment in HOMO energy, and hence, decrement in the HLG. Due to their high oscillator strengths in both UV-VIS and IR-regions these GQDs can possess broad band absorption. With their high α and β values along with the BBA, we expect them to be potential candidates for optoelectronic devices.
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